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ABSTRACT

Query-driven machine learning models have emerged as a promising
estimation technique for query selectivities. Yet, surprisingly little
is known about the efficacy of these techniques from a theoretical
perspective, as there exist substantial gaps between practical so-
lutions and state-of-the-art (SOTA) theory based on the Probably
Approximately Correct (PAC) learning framework. In this paper,
we aim to bridge the gaps between theory and practice. First, we
demonstrate that selectivity predictors induced by signed measures
are learnable, which relaxes the reliance on probability measures in
SOTA theory. More importantly, beyond the PAC learning frame-
work (which only allows us to characterize how the model behaves
when both training and test workloads are drawn from the same
distribution), we establish, under mild assumptions, that selectiv-
ity predictors from this class exhibit favorable out-of-distribution
(OOD) generalization error bounds.

These theoretical advances provide us with a better understand-
ing of both the in-distribution and OOD generalization capabilities
of query-driven selectivity learning, and facilitate the design of
two general strategies to improve OOD generalization for existing
query-driven selectivity models. We empirically verify that our
techniques help query-driven selectivity models generalize signifi-
cantly better to OOD queries both in terms of prediction accuracy
and query latency performance, while maintaining their superior
in-distribution generalization performance.
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1 INTRODUCTION

We study the learning of selectivity functions for selection queries
in database management systems (DBMSes). As the key to effective
query optimization, selectivity estimation has continued to be one
of the most important problems in DBMSes since the 1980s [36,
47]. The earliest approach was to collect basic statistics (such as
histograms) for selectivity estimation, and then to make uniformity
(within a bucket) and independence (among columns) assumptions.
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Although widely adopted in real DBMSes due to its simplicity, this
approach is prone to large estimation errors [26, 32].

More recently, selectivity estimation has been formulated as a
machine learning (ML) problem, where the system learns from ob-
served samples (data or queries) to make selectivity predictions for
incoming queries. Proposals for learning-based selectivity estima-
tion can be broadly categorized into data-driven and query-driven
models (with a few exceptions in the form of hybrid models). Data-
driven techniques [15, 22, 24, 30, 39, 56, 58, 60] build models of
the data distribution by scanning the underlying data. Conversely,
query-driven techniques either learn a regression model from query
features to selectivity [13, 31], or model the data distribution from
a set of observed queries and their selectivities [4].

In this paper, we focus on query-driven models [19, 25, 31, 33,
43, 45, 51] as they enjoy a smaller model size, faster training, and
possibly faster inference (for example, regression models [19, 31,
33]) compared to data-driven models. In addition, they can also
achieve much better performance than traditional histograms [31].
Importance of theoretical understanding of generalization.
In machine learning, generalization (“a central goal in pattern recog-
nition [10]”) refers to a model’s ability to perform well on new,
unseen data that was not part of the training set. With respect to
query-driven selectivity learning, the large variability in queries
seen in practice means that any training workload can represent
only a tiny subset of all possible queries. Therefore, it is crucial
to accurately characterize the generalization ability of selectivity
models, specifically how they perform on queries that were not seen
during training. This understanding is essential to ensure reliable
predictions in real-world applications. Yet, surprisingly, there is
limited theoretical analysis of the generalizability of query-driven
models. An initial and promising step towards such understand-
ing [25] proves that selectivity functions are learnable using the
Probably Approximately Correct (PAC) learning framework [28].
However, significant gaps remain in our understanding.
Limitations of prior results. The current SOTA result [25] as-
sumes that every selectivity predictor in the hypothesis class is induced
by a probability measure. Consequently, learnability (in-distribution
generalization, to be formally introduced in § 3.4) results can be
applied only to a small fraction of existing query-driven models (e.g.,
those that build histograms from queries [4]). Indeed, as we will see
later in the paper, predictors from regression-based query-driven
models, which achieve impressive empirical performance, are not
induced by a probability measure. Therefore, existing learnability
results [25] cannot be applied to these practical approaches. Given
this gap between theory and practice, a natural question arises:

Question 1: Is it feasible to reduce the reliance on probability

measures, thereby broadening our theoretical understanding of

selectivity learning models?
Another challenge in applying the theoretical results to practical
scenarios is that PAC learning, as a framework, only allows us
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to quantify the in-distribution generalization error, where both
training and test queries are drawn from the same distribution. This
means that previous theory [25] based on PAC learning is not able to
characterize generalization error for OOD scenarios. Nevertheless,
in the real world, query workloads may shift constantly [42, 55].
This raises another, perhaps more challenging, question:

Question 2: Given mild assumptions, is it feasible to quan-
tify OOD generalization error in selectivity learning, thereby
enhancing the practical relevance of theoretical results?

Our first goal in this paper is to answer these two questions theo-
retically. Thereafter, based on the new generalization results, we
design new learning paradigms/frameworks for improving selec-
tivity estimation in practice, which leverage the theoretical results
to provide formal guarantees.

A sketch of our results. The paper delivers two positive and
encouraging theoretical results toward answering the two questions:

o Addressing Question 1, we introduce a new theoretical result
of learnability (i.e., in-distribution generalization) that applies
to selectivity functions/models whose predictions are induced
by a signed measure, removing the positivity and sum-to-unity
constraints that are required by prior work.

e More interestingly, under mild assumptions, we establish non-
trivial OOD generalization error bound for selectivity predictors
that are induced by a signed measure. The new result, beyond
the PAC learning framework, quantifies the generalization error
when training and testing workloads do not follow the same
distribution, hence answering Question 2. For a taste of our
theory, our main theorem (Theorem 4.2) is simplified below.

Simplified Theorem 4.2. For any selectivity estimator S that is
induced by a signed measure, if S is trained under distribution Q
with in-distribution generalization error erQ(S) upper bounded
by € with probability at least 1 — 0, then under a different test-
ing distribution P, the out-of-distribution generalization error
erp(S) satisfies

erp(S) < O(Ve)

with probability at least 1 — §, under mild assumptions on dis-
tribution P and Q (see Theorem 4.2 for details).

A key implication of our result is that, for any class of selectivity pre-
dictors that is induced by signed measures, both our in-distribution
and OOD generalization results apply immediately.
Improvement strategies inspired by our theory. From this
aspect of our theory, we propose novel and practical methodologies
for improving existing query-driven selectivity learning models.

e We propose a new modeling paradigm for query-driven selec-
tivity learning, NEUROCDF, which models the underlying cu-
mulative distribution functions (CDFs) using a neural network.
NEUROCDF is proved to be induced by signed measures, and
thus enjoys the theoretical guarantees of our theory, and enjoys
the superior empirical performance of deep learning. Although
challenging to optimize with relative error metrics like Qerror,
NEUROCDF provably offers better generalization performance for
OOD queries, compared to the common paradigm for selectivity
estimation that targets the query selectivity directly.

o Inspired by the lessons learned from our theory and NEUROCDF,
we propose a general training methodology for enhancing exist-
ing query-driven selectivity models. SECONCDF incorporates the
idea of CDF modeling of NEUROCDF into query-driven models by
enforcing model Self-Consistency with the learned Cumulative
Distribution Functions. However, unlike NEUROCDF, SECONCDF
keeps the original loss functions (Qerror or RMSE) of existing
query-driven models, which allows for good in-distribution gen-
eralization with either relative or absolute loss functions. More-
over, the CDF self-consistency training of SECONCDF signifi-
cantly enhances model OOD generalization ability.

Takeaways from the experiments. The proposed improvement
strategies are orthogonal to selectivity model architectures, making
them applicable to various existing models. Our primary goal is
not to outperform current SOTA query-driven selectivity learning
models, but to validate the practicality of our theory by designing
algorithms that improve the OOD generalization capabilities of
existing models with theoretical guarantees. Thus, we focus our
experimental evaluation on aspects in which our strategies are
expected to provide improvements. Indeed, this focused approach
has yielded clear, compelling results: across both single- and multi-
table datasets, our strategies can significantly improve the OOD
generalization of existing selectivity learning models, in terms of
both estimation accuracy (i.e., smaller Qerror and RMSE) and query
running time performance (i.e., lower query latency).

Organization. § 2 reviews prior work. § 3 outlines preliminaries
and the problem setup. In § 4, we introduce our new theory, followed
by two improvement strategies in § 5 and § 6. Our algorithms are
evaluated in § 7, and we conclude in § 8.

2 PRIOR WORK

Selectivity estimation dates back to the beginning of query process-
ing [47], where rather than computing intermediate results and
then finding query plans [52], System-R instead used histograms
and independence assumptions. Such techniques were refined to
use queries themselves to compute histograms [4, 12, 34], query ex-
pression statistics [11] and adjustments to correlated predicates [38].
More recent learned data-driven methods [24, 58] do offline compu-
tation over samples of existing database instances to build models of
data distributions in the presence of skew and correlations. Learned
query-driven database systems can learn or improve an ML model
for a variety of database components, by using the execution log of
a query workload [6-8, 33, 57]. More recently, there is active work
on workload-aware cardinality predictors [31, 53, 54]. In this paper,
we consider several families of selectivity estimation techniques.
Parametric Functions [13]. The early approach fits a parametric
function (e.g., linear and polynomial) to observed queries. These
functions take a query as input and produce a selectivity estimate.
However, the performance of parametric functions is not as good
as more recent approaches due to the limited model capacity.
Histograms [4, 37]. Histogram-based models, widely studied in
database literature, build histograms from query workloads by ad-
justing bucket frequencies to correct prior errors or by aligning with
a maximum entropy distribution with observed queries. They as-
sume uniformity within buckets and independence across columns
(or features), which could lead to large estimation errors.



LEO [49]. Intuitively, LEO can be seen as a combination of paramet-
ric functions and histograms — it learns the adjustment factors from

observed queries to correct incorrect statistics such as histograms.
act_sel £
stat_set o

actual selectivity (act_set) and statistics estimate (stat_set) from

past queries. To estimate an incoming query, LEO uses the ra-
tios to adjust the statistics estimate by multiplying it by a cho-
sen adjustment ratio r. For example, consider a query asks for the
range {x < 1} and the selectivity estimate of the histogram for

Specifically, LEO collects a set of previous ratios r =

the query is Hist(x < 1). LEO produces the adjusted estimate by
adjusted_sel = Hist(x < 1) * r(x < 1), where r(x < 1) is the
collected adjustment factor at x = 1. If there is no adjustment factor
for x = 1, LEO computes the factor by linear interpolation.

Deep Learning Models [19, 31]. More recently, deep learning
models have been proposed to learn the mapping from a query to its
selectivity prediction. Deep learning models function as regression
models in a way that is similar to parametric functions but has a
larger model capacity and much better performance.

3 PRELIMINARIES AND PROBLEM SETUP

In this section, we define key concepts for selectivity estimation
in § 3.1. We introduce measure theory in § 3.2 as it will shape our
theory. We frame selectivity estimation as an ML problem in § 3.3,
discuss the PAC learning framework in § 3.4, and review SOTA
theoretical results in § 3.5. The section concludes with the gap
between theory and practice, motivating the goals of this paper.

3.1 Selectivity Functions of Range Queries

Range Space. Consider a d-dimensional dataset D. A range space
is defined as ¥ = (X, R). X is a set of objects (e.g., tuples or data
points in D). R is a collection of ranges R, which is a subset of X.
For instance, R can be a set of all d-dimensional hyper-rectangles.
Range Queries. A range query q is defined as a query that retrieves
tuples within the range Rq. Thus range query g and its querying
range Ry are interchangeable. We focus on range selection queries,
corresponding to d-dimensional hyper-rectangles. Join queries can
be viewed as range selection queries over the join result.
Selectivity (Cardinality) Functions. For a dataset D, let Pp be
the data probability distribution over D, we define the selectivity
functions as Sp (R) = Py~p,, (x € R), or equivalently,

Sp(R) = )" Pp(x) (1
x€R
Another related term is cardinality Cp(R) (the output size of a
query), i.e., Cp(R) = Sp(R) - |T| where |T| is the size of table T.

3.2 Measure Theory

Basic Concepts. We first formally introduce fundamental notations
from measure theory that will be used to shape our theorems. A
o-algebra M of “measurable” sets is a non-empty collection of
subsets of X' closed under complements and countable unions and
intersections. For all practical applications, it holds that M > R.
A function y : M — R is a probability measure on (X, M) if it
satisfies
C1. Countable additivity: if Eq, Ey, ... is a countable family of dis-
joint sets in M, then p (US>, En) = Yoo, pu(En).

Rapc | RaB | Rac | Rpe
S1 1 0.5 0.7 0.8
S 1 0.3 0.3 0.3
S3 0.9 0.5 0.6 0.7
S4 1 04 | 05 | 1.1

[ A]B]C
p 02 [03]05
Jo / / /
ps 0.2 | 03] 04
pa -01]05]06

Figure 1: Left: three data points (A, B, C) and four ranges. Right
Top: predictions from selectivity functions (S; ~ Ss) for the
four ranges. Right Bottom: corresponding measures (1 ~ f4)
that induce S; ~ Sy, including their measure values on A, B,C
(technically, the three sets {A}, {B}, {C}).

C2. Positivity: y(E) > 0 for any E € M.
C3. Sum to unity: pu(X) = 1.

If 1 only satisfies C1 and C2, it is called a measure; if it only satisfies
C1, then it is a signed measure. A signed measure is essentially the
difference between two measures.

We now define induction for selectivity functions using mea-
sure theory. A selectivity estimate § : R — R is said to be in-
duced by a (probability or signed) measure if there exists a mea-
sure, denoted by g, that satisfies S5(R) = pg(R) forallR € R.
Intuitively, C1 implies the finite additivity of selectivity functions:
S(R]) = S(Rg) + S(R3) if R = Ry U R3 and Ry N R3 = (). Moreover,
C2 requires that § only outputs positive values; C3 means that the
values of § sum to 1 over the entire set of data points.

ExaMmPLE 3.1. Figure 1 (left) gives an illustration of three data
points (A, B, C) and four possible ranges (Rap, Rac, Rec, Rapc), with
four range functions and their selectivity predictions on the right.
We also show the measures that induce the selectivity predictions of
each range function (with their outputs on the three data points) in
the bottom-right table. First, using Eq. 1 and basic linear algebra,
one can see that Sy is induced by a proper probability measure (e.g.,
11(A) = 0.2, u1(B) = 0.3, 1 (C) = 0.5). However, this does not hold
for the other selectivity functions. Specifically, Sz does not satisfy C1
as Sa(RaB)+S2(Rac)+S2(Rpc) # 2-S2(Rapc), which indicates that
Sy cannot be induced by a probability measure or a signed measure.
Additionally, S3,S4 can only be induced from a signed measure — S3
violates C3 and Sy violates C2 of a probability measure.

Advanced Concepts. We introduce two notions used only in
proofs; readers may skip this subsection at first. For a signed mea-
sure y, the total variation of yi, denoted by |y, is defined by || (E) =
sup Y071 |(En)| where the supremum is over all disjoint measur-
able partitions E = (U, Ep. Intuitively, || measures how much
“varies”, and || itself is a measure that dominates p (|| > p).

A signed measure p is absolutely continuous w.r.t. the Lebesgue
measure m if y(E) = 0 whenever E € M and m(E) = 0. Absolute
continuity can be interpreted as the smoothness of a measure. It
guarantees the existence of a signed density f : X — R such
that pu(E) = _/Ef(x)dx for any E € M. Specifically, when p is a



probability measure, then f must satisfy f(x) > 0 for any x € X
and /X f(x)dx = 1. See [17] and [48] for details on measure theory.

3.3 ML Models as Selectivity Predictors

We formulate selectivity estimation as an ML problem. A learn-
ing algorithm A learns a model M to predict query selectivity
from a training set W = {z; = (qi,/;)}]_,, comprising observed
queries/ranges and their selectivities. M minimizes the mean of
loss ¢ over the dataset, where ¢ can be defined as the squared error
(gi,1;): £ = (M(q;) — I;)?, or the absolute error: £ = [M(q;) — I;|.

Additionally, Qerror [40] (max(M(qi) Li _)) and Squared Loga-

i > Mq
rithmic Error (e.g., SLE = (log M(q;) — log;)?, which is equivalent
to optimizing Qerror), are prevalent in the literature as it better

captures errors on selective queries.

3.4 PAC Learning Framework

Probably Approximately Correct (PAC) learning [28] is a framework
for mathematical and rigorous analysis of in-distribution (In-Dist)
generalization in machine learning. We first intuitively explain the
high-level idea of PAC learnability. Readers who prefer a simpler
explanation may directly refer to Table 1 for an intuitive summary.

PAC Learnability. Consider a learner A that receives training
samples {z;} from an unknown distribution Q(z) and picks a hy-
pothesis (or a function) h from a hypothesis space or function
family H (i.e, a family/class of selectivity functions in our sce-
nario). In the classical PAC framework, A is assumed to efficiently
find the best h. We say a function family H is learnable if, given
enough training data, then with high probability (1 - §), the
chosen function h € H will have low error (no more than €) on
unseen data from Q(z). Importantly, A must succeed for any dis-
tribution Q(z) and any choice of §, e. We then introduce two key
theoretical results that can determine whether a function family H
(including {0, 1}-valued and real-valued functions) is PAC learnable.

(1) A class of {0, 1}-valued functions is PAC learnable if and only
if its VC dimension (will be introduced later) is finite.

(2) A real-valued function class is y-learnable if and only if its
y-fat dimension (will be introduced later) is finite.

In practice, finding the absolute best hypothesis in H can be chal-
lenging (i.e., such efficient learner A may not exist); sometimes we
only need a hypothesis whose true error is small, even if it is not the
best. Fortunately, uniform convergence theory [5] (or specifically,
Chernoff bound [23]) says that if  has a finite VC dimension (or
y-fat dimension), then with a sufficiently large training set, every
hypothesis h € H will have its empirical error close to its true
error with high probability. Thus, we do not need the absolute best
function; “what you see is what you get” As a result, if 1) H is
learnable and 2) our optimization finds a hypothesis h € H with
small training error, it follows that h will have small true error. This
paper adopts this definition of learnability.

Below is a short introduction to the VC dimension and the fat-
shattering dimension, which are measures of complexity for classi-
fication and real-valued function classes, respectively. Since they
appear only in our in-distribution generalization error theorem
(Thm 4.1) and our paper primarily focuses on OOD generalization,
first-time readers may skip the two definitions if desired.

Table 1: Key concepts and their intuitive explanations.

Concept Intuitive Explanation

Generalization The model’s capability to perform well on unseen queries
that are not in the training workload. We can predict the

outcomes on unseen data based only on training samples.

Learnability/ In-Dist | Given sufficient training queries, the model’s true error
Generalization on unseen queries drawn from the same distribution with
training queries is close to the training error.

OOD Generalization | Given sufficient training queries, the model’s true error on
unseen queries drawn from a different distribution from the
training set is close to the training error.

Vapnik-Chervonenkis (VC) Dimension. H shatters a set of
points if, for every possible way to assign 0/1 labels to those points,
H contains at least one function that matches those labels exactly.
The VC dimension is the size of the largest set of points that can be
shattered by H. Similarly, the VC dimension of a range space X is the
size of the largest subset of X that can be shattered by . Thus, if £
is the set of d-dimensional hyper-rectangles, VC-dim (Z) = 2d [28].

Fat-Shattering Dimension. To handle real-valued functions (e.g.,
selectivity functions), we use the fat-shattering dimension [27],
which extends VC dimension. Informally, a set of points is “y-
shattered” if H can position those points above or below some
target values by at least y, matching any desired “above/below”
pattern. The y-fat dimension is how many points can be arranged
this way. We define the y-fat shattering dimension fat¢/(y) to be
the size of the largest subset of X that can be y-shattered by H.

Limitation of the PAC Learning Framework. While PAC learn-
ability can be used to quantify the generalization error for hypoth-
esis spaces with finite VC (or fat-shattering) dimension, they are
applicable solely to in-distribution generalization where both train-
ing and test queries are drawn from the same distribution Q(z).

3.5 Existing Theoretical Results

For self-containment, in this section, we briefly review the main
learnability results of selectivity functions from the literature [25],
and point out the important assumption made by the paper.
Overview of [25]. Since selectivity functions are real-valued, to
prove their learnability it suffices to show that their fat-shattering
dimension is bounded. We cite the main Lemma in [25].

LEMMA 3.1. Consider a range space ¥ = (X, R) and the hypothesis
class S of range functions over input query ranges R € R. For any
v € (0,1/2), the y-fat shattering dimension of S is O( YAIH )Y, where
A is the VC-dim (Z) of the range space.

Assumption. Note that the proof in [25] relies on an important
condition on the hypothesis class: every range function S € 8 is
induced by a probability measure via (1).

3.6 The Gap Between Theory and Practice

Recall from Section 2 that there are four categories of query-driven
approaches for learning selectivity functions: (1) linear and polyno-
mial parametric functions (PFs), (2) histograms built from queries,
(3) LEO, which learns to adjust histograms, (4) deep learning (DL)
models such as Multi-Set Convolutional Network (MSCN) [31].

10(-) hides polylogarihm dependencies on 1/y for constant A



Table 2: Theoretical Characteristics of query-driven methods.

PFs | Histograms | LEO | DL Models
Monotonicity | X v X X
Additivity X v v X

Among them, deep learning models achieve the best practical per-
formance. In this section, we theoretically analyze whether the
probability measure assumption holds for these methods.

Two necessary conditions. One can show that if a learned selec-
tivity function S(R) (by a selectivity estimation model) is induced
by a probability measure, it must satisfy finite additivity as well
as monotonicity defined as follows.

e Finite Additivity. Implication of C1, defined in § 3.2.

e Monotonicity. Let Ry and Ry be two union-compatible ranges
over schema X, such that Ry C Ry for any instance of X. We refer
to this as a case of query containment [3]. Then finite additivity
and positivity (C2) imply that S(R;) < S(Ry).

Theoretical Characteristics. First, histograms satisfy both mono-
tonicity and additivity by construction. In contrast, PFs can violate
both monotonicity and additivity due to negative parameters and
non-linear mappings in the input and output of polynomial func-
tions, respectively. For LEO, while it maintains the additivity of
histograms through the piecewise linear form of its adjustment ratio
r, it fails to ensure monotonicity because r is not strictly increasing.
This non-monotonicity means LEO is not derived from a proba-
bility measure. Like PFs, DL models also break both monotonicity
and additivity due to negative weights and non-linear mappings. We
summarize the analysis results in Table 2.

Hence, unlike histograms (i.e., data models built from queries),
other three regression-like approaches learn a direct mapping from
query ranges to selectivities and are not guaranteed to be induced by
probability measures. Therefore, they (including the best-performing
deep learning models) do not enjoy the theoretical results in § 3.5.
Problem Definition. We have shown that the selectivity func-
tions learned by most query-driven models are not induced by
probability measures, rendering the learnability results from pre-
vious work [25] inapplicable. Despite this, these models, such as
MSCN, exhibit impressive practical performance, outperforming
histograms on several benchmarks [31]. Additionally, the PAC learn-
ing framework fails to characterize generalization error for OOD
test workloads, which are prevalent in real-world scenarios. There-
fore, this paper aims to bridge the gap between theory and practice
by @ relaxing the restrictions on the hypothesis class and deriving
the corresponding PAC learnability results (Goal 1); @ exploring
OOD generalization error beyond the PAC learning framework
(Goal 2); B leveraging the theoretical results to design new strate-
gies for improving existing selectivity learning models (Goal 3).

4 A NEW GENERALIZATION THEORY

In this section, we propose a new generalization theory that ad-
dresses the first two goals of the Problem Definition. Note that the
proofs in § 4.1 and § 4.2 require advanced knowledge of measure
theory and probability theory introduced in § 3. Readers who
prefer a simpler explanation may refer to § 4.3.

4.1 Learnability Under Signed Measures

We first demonstrate the learnability of selectivity predictors in-
duced by signed measures (i.e., removing restrictions C2 and C3).
The results will be applied to NEUROCDF in Section 5 after showing
that its hypothesis classes are induced by signed measures.

4.1.1 Learnability. Given a range space X = (X, R), let Sgn
denote the hypothesis class that consists of all functions § : R — R
that are induced by signed measures absolutely continuous w.r.t.
the Lebesgue measure. Recall the definition of Hg in Section 3.2,
and define the hypothesis class Ssgn (C) for any C > 0 as follows.

Ssgn(C) = {3 € Ssgn : i/,l5| < C}

Theorem 4.1 (In-Distribution Generalization Error Bound).
If VC-dim (X)= A where A is some constant, then the fat-shattering
dimension of Ssgn (C) is finite and satisfies:

fat (Ssgn(©:y) = O (C- (1/r)™*?) @)

Proor. The proof will be presented in a technical report. O

Theorem 4.1 implies that Ssg, (C) is e-learnable with a poly-
nomial number of training queries in é and log % following the
arguments in [9, 25]. By uniform converge theory, it means that
given a sufficient number of training queries, the training and true
errors remain close, ie., |er(S5) — er™(8)| is bounded.

4.1.2 Remark. Although Thm 4.1 extends prior work [25], it is
key to a practical theory. It applies to a wider range of selectivity
predictors beyond probability measures (see §5), and under mild as-
sumptions, they have bounded OOD generalization errors (see §4.2).
This allows performance prediction even when test queries come
from a different distribution than training queries, a common real-
world scenario. More importantly, proving OOD generaliza-
tion lies outside the PAC framework, so existing results (e.g.,
fat-shattering bounds and [25]) do not apply.

4.2 0OOD Generalization Error

In this section, we target OOD generalization error beyond PAC
learning. The main results appear in the callout for Theorem 4.2.

The theorem shows that under the realizable assumption, a pre-
dictor § trained with n i.i.d. samples from a training distribution Q
to (e, §)-learn will have its generalization error on a different test-
ing distribution P bounded above by C+/e with probability at least
1 — 8, provided that Assumptions 4.1 through 4.3 (introduced later
in § 4.2.1) hold. As will be introduced in § 5, this result will theoret-
ically demonstrate the potential advantage of modeling CDFs over
selectivities in terms of out-of-distribution generalization error.

The assumptions are relatively mild. Intuitively, Assumption
4.1 requires only that § is bounded and that the densities exist;
Assumption 4.2 stipulates that the region covered by the testing
distribution P must be contained within the region covered by the
training distribution Q; and Assumption 4.3 essentially requires
sufficient diversity in the training ranges.

4.2.1 Main Theoretical Results. It is important to note that one
cannot expect an algorithm trained on a distribution Q to generalize



well to an arbitrary testing distribution P. To ensure provable and
robust generalization, we impose the following assumptions.

ASSUMPTION 4.1. The learned selectivity S is bounded such that
there exists a constant C1 for which |§(R)| < C; foranyR e R.

Before proceeding, we introduce some additional notations. Let
Z = R X R. We use Q and P to denote the training and testing
distribution of Z = (R, W) € Z, respectively. Given the training
distribution Q, let Qg be the marginal distribution of R and define
X0 = UResupp og R- Which is a subset of X. The marginal dis-
tribution Pg and the set Xp are defined similarly for the testing
distribution. We now introduce Assumption 4.2 and 4.3.

AssUMPTION 4.2. There exists a constant Ca such that the marginal
training and testing distributions Qg and P satisfy

Prpy [xeR] <G 'PRNQR [x eR], VxelX.

Remark. Assumption 4.2 requires that the probability Pr-p, [x € R]
(the likelihood of x being sampled during testing) is upper-bounded
by the probability Pr.g, [x € R] (the likelihood of x being sampled
during training) multiplied by a constant Cy. This implies that
Xp C Xp. The rationale is that if Xp includes some x that is not
covered by any range during training, then one cannot expect to
learn the selectivity around x accurately.

ASSUMPTION 4.3. The true Sp and the learned selectivity S are
induced by signed measures that are absolutely continuous, with cor-
responding signed densities fD,jA". Additionally, there exists a constant
c3 > 0 such that Qg and the signed densityj” satisfy

E /X (7o) - o)) 1x € Rydix

R~Qr

> c3-R~%R/X\f<x)—fD<x>\1<xeR)dx

Remark. Assumption 4.3 presupposes the validity of interchanging
the order of integration and the absolute value. Intuitively, it ensures
that Qg covers a diverse set of ranges rather than focusing on
ranges where the error S(R) — Sp (R) happens to be relatively small.
A simple example illustrating a situation where Assumption 4.3
holds is provided below in Example 4.1.

ExampLE 4.1. For X = [-1/2,1/2], suppose the densities fp andjf
are defined as fpy(x) = 1 and f(x) = 1 + 28,x, where 8, is a param-
eter that quantifies how wellf" approximates fp. If Qg is uniformly
distributed over intervals of length 1/4 with centers located within
the range [—-3/8,3/8], then it can be verified by direct computation
that Assumption 4.3 is satisfied with c3 = 1/2 for any value of &,.

Now, we are ready to present our OOD generalization error bound:

Theorem 4.2 (OOD Generalization Error Bound). Suppose
Assumption 4.1-4.3 hold. In addition, if the in-distribution general-
ization error of S can be bounded by

Pzn_gon [erg(§) <e] 21-6 ©)

then the out-of-distribution generalization error erp(5) satisfies

. (C1+1)C
Pyn_gen |erp(8) < C*DC 2l s (4)
1 c3

Informally, the Theorem states that if Assumptions 4.1-4.3 hold
and § achieves bounded in-distribution generalization error, then $
will also have bounded out-of-distribution generalization error.

We then present the full proof. To better understand the proof,
consider the following sequence of inequalities:

. @ )
erp($) S . IS(R) = Sp(R)|

(b) . ¢ )
< E SR -Sp®) @ [ero (9]
R~Or

Here a, < b, means a, = O(by). Step (a) follows from the upper-
bound Assumption 4.1; (b) involves a change of measure from Pg to
QOr and connects through Assumptions 4.2 and 4.3; and (c) is based
on the Cauchy-Schwarz inequality. The complete proof provides a

detailed justification for each of these inequalities.

Proor. To bound erp(S) in (4), note that one has

a N 2
erp($) = B (S® -sp®)
(Q (C1+1)- E [S(R) -Sp(R)|
R~Pg

< <c1+1>-/X}f(x> ~fo) dx

E 1(x€R)
R~Pg

Ly e o)

E 1(xe R)] -dx
R~Qr

M
®)

Here (i) follows from Assumption 4.1; (ii) is due to Assumption 4.2.
Meanwhile, one can obtain that

02 5 [ fi0-p|tcena

< cgleEéR'/X (F0 = fo(0) 1 (x € R dx

=c;' E |S(R) - Sp(R)| ©6)
R~Qr
N—  — e
(In)

Here (i) follows from the Fubini’s theorem, and (ii) is a result of
Assumption 4.3.
Note that the Cauchy-Schwarz inequality implies that

ms<| B (50 - sD<R>)2]W = [erg ()]
Combine the above inequality with (3) implies
P{I) <Ve} >1-6 ()
Finally, combining (5), (6) and (7) gives (4). o

4.2.2 OOD Scenarios. We define three specific OOD scenarios
which naturally arise in real-world applications.

Scenario 1: Query Center Move refers to a shift in the predom-
inant focus of queries, characterized by a change in the attribute
values around which the queries are concentrated.



Scenario 2: Query Granularity Shift refers to a change in the
granularity of query selection predicates. Granularity pertains to
the specificity or broadness of the data subsets accessed by queries.
Scenario 3: Query Structure Change. When the join graph re-
mains unchanged, adding or dropping predicates essentially changes
the query granularity, therefore reducing to Scenario 2. Our theory
does not support changes in the join graph as both Thm 4.1 and
Thm 4.2 hold for each join graph independently.

4.2.3 Point Queries. Following [18, 19], we can treat point queries
as range queries that cover only the corresponding data point. For
instance, point query (t.production_year=1980) can be rewrit-
tenas (t.production_year>1979At.production_year < 1980).
This approach makes our results applicable to point queries.

4.24 Data Distribution Shifts. Our theory assumes a static data
distribution, and shifts in data distribution can introduce additional
errors. Although handling data distribution shifts is not the primary
focus of this paper, we provide a preliminary theoretical result that
extends Theorem 4.2 to account for such shifts: Let TV (Qx, Px) =
SUpP,.c X |QX (x)—Px (x)l be the total variation distance between the
old data distribution Qx and the new data distribution Py.

PrOPOSITION 4.1 (OOD GENERALIZATION ERROR BOUND WITH
DATA SHIFTS). Suppose assumptions in Theorem 4.2 hold. In addi-
tion, if TV (Qx, Px) < ery, and the in-distribution generalization
error of § can be bounded by Pzn_gen [erQ(g) < e] > 1-, then

the out-of-distribution generalization error erp(é) satisfies
Pyngon [erP(S) < (C1+1)C, (cglvz + 2eTV)] >1-6. (8)
ProoF. The proof will be presented in a technical report. O

Intuitively, this proposition says that if Px and Qx are close in
terms of the total variation distance, then the OOD generalization
error for § remains bounded. However, we note that relying on TV
as the measure of data distribution shifts is a strong assumption.
Future research might explore more flexible metrics for studying
how OOD generalization error behaves under diverse data shifts.

4.3 Summary and Discussion
Combining the results from § 4.1 and § 4.2:

Summary of our results: If a selectivity learning model is in-
duced by a signed measure and trained on a sufficient number
of queries, both its in-distribution generalization error (when
training and test queries are from the same distribution) and
out-of-distribution generalization error (when training and test
queries come from different distributions) are bounded (i.e., close
to training error), under mild assumptions (Assumption 4.1-4.3).

The summary provides insights for designing improvement strate-
gies for query-driven models: if we can show a class of selectivity
learning models that are provably induced by signed measures, then
the favorable in-distribution (Theorem 4.1) and OOD (Theorem 4.2)
generalization results are immediately applicable.

5 MODELING CDFS WITH NEURAL NETS

Building on the insights in § 4.3, this section introduces the first
strategy for enhancing query-driven selectivity learning models.

We first consider this question: is it feasible to design a selectivity
estimation paradigm that works well in practice and inherits our
theoretical guarantees? Unfortunately, this is not easy. Although ex-
isting approaches developed from SOTA theory [25] achieve SOTA
results among selectivity predictors that are induced by probability
measures, they are not as effective (experimentally shown in § 7) as
recent deep learning-based models in practice due to the limited
model capacities of models induced by probability measures.

On the other hand, NNs, while lacking comprehensive theoretical
backing, show remarkable efficacy in practice. Often, NNs achieve
both very small training and test errors when queries are drawn
from the same distribution, which cannot be fully explained by
existing theories like the PAC framework. This aligns with extensive
well-known empirical evidence in the ML literature [59].

Therefore, an ambitious goal is to combine the theoretical results
and the practicality of NNs. To this end, we propose NEUROCDF, a
novel selectivity estimation paradigm/framework that enjoys both
theoretical guarantees and practical utility.

5.1 Overview

High-Level Idea. NEUROCDF leverages the fact that the selectivity
of a rectangular query can be computed as a linear combination of
the CDFs evaluated at its vertices. (will be discusses in § 5.2). CDFs,
in statistical terms, measure the probability that a random variable
takes a value less than or equal to a specific point. Therefore, the
key idea of NEUROCDF is that, instead of directly modeling the
ultimate selectivities of input queries, we use a neural network as the
model to parameterize the underlying CDFs. The query selectivity
can be estimated by multiple calls to the CDF prediction model M
and aggregating the results, as shown in Figure 2.
Theoretical Guarantees. As will be discussed in § 5.3, NEUROCDF,
as a framework, can be proved to be induced by signed measures
through its CDF modeling. Hence, both the in-distribution (Thm 4.1)
and OOD (Thm 4.2) generalization error bounds directly apply to
NEUROCDF. This means given sufficient training queries and under
Assumption 4.1-4.3, the in-distribution and OOD generalization
errors of NEUROCDF are both close to its training error — an advan-
tage not present in existing methods that directly model selectivities.
Apart from the theoretical guarantees provided by NEUROCDF,
NEUROCDF combines the empirical strengths of neural nets as NNs
are known for achieving very low training error [21] due to their
high model capacity. Note that NEUROCDF does not offer general-
ization theories for neural networks per se, but it leverages their
empirical success (e.g., low training error) alongside the formal
guarantees of the CDF modeling paradigm permitted by our theory.

Workflow of NEUROCDF. In a d-dimensional data space, the CDF
prediction model M of NEUROCDF takes as input a vector x =
[x1,x2,..., xd]T of real-valued variables and outputs an estimated
cumulative distribution function (CDF), F(x) = P(X < x). Witha
query workload ‘W = {(q,1)}, the NEUROCDF framework proceeds
in four steps, beginning with two data preprocessing phases.

(D Normalization. Each range query q is a d-dimensional hyper-
rectangle (@ < x1 < b1) A--- A (g < x4 < bg). We apply min-
max normalization to scale all unnormalized a;, l;i into normalized
values aj, b; € [0, 1]. Unqueried attributes/dimensions (i.e., attribute
not involved in the query) are set to [0, 1].
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Figure 2: Left: relationship between a rectangle query and
CDFs; Right: direct selectivity modeling v.s. NEUROCDF.

(@ CDF Conversion (§ 5.2). Each range query q is converted into

a set of vectors v (at each vertex of g), which serve as inputs for

training the CDF prediction model M.

(® Model Training. Training of NEUROCDF uses forward-backward
propagation with mean squared error (MSE) loss. Unlike existing

query-driven models which directly predict the query selectivity

using only one forward pass, NEUROCDF computes a query’s se-
lectivity S(q) by gathering multiple CDF values F(v) via M. These

values are combined using Equation (9). Because the entire proce-
dure is fully differentiable, the loss ; (§(q) -5(g))? can be optimized

via stochastic gradient descent (SGD) and batched training.

@ Prediction. Once trained, NEUROCDF uses the same multi-call

forward process: for an incoming query g, it computes each required

F(v), then aggregates them to derive S(q).

5.2 Converting Queries to CDFs

Consider the case of 2-dimensional data shown in Figure 2 (left),
one can verify that the selectivity of a query q : {(a; < x; <
b1) A (az < x2 < by)} (represented by the rectangle in blue) can be
computed by aggregating the CDF values at the four vertices (i.e.,
(b1, b2), (a1, b2), (b1, az2), (a1, az)) of the query rectangle,

S(q) = F(b1,bz) — F(ay, by) — F(by, az) + F(ay, az).

We extend the formula to d—dimensional data (outlined on page 197
of the book [17]). Let q be a range query (of hyper-rectangle) in the d
dimensional space, i.e., ¢ = (a1, b1] X... X (ag, bg]. The vertices V of
this hyper-rectangle are V = {ay, b1} X ... X {ag, by }. For any vertex
v € V, define #a(v) as the number of a’s in v, indicating the count of
left endpoints. For example, in Figure 2 (left), #a([a1, b2]) = 1. The
general case formula is subsequently provided for completeness.

Theorem 5.1. Let sgn(v) = (-1)*a(®)  The selectivity of range query
q in d—dimensional space is computed by aggregating the CDF values
at all vertices of the query hyper-rectangle using the below formula,

S(q) = ) sen(0)F(o) ©

veV
Proor SKETcH. This is a direct application of the inclusion-
exclusion principle [46]. See page 36 of the book [17] for details. O

Model Choice for CDF Prediction. NEUROCDF can incorporate
any query-driven model architecture by viewing the input vector as
a query (i.e., we can interpret every CDF as the selectivity estimate
of a one-sided query). For example, F(b1, b2) is equivalent to the se-
lectivity estimation of a legitimate query q : {(x1 < b1)A(x2 < b2)}.

Thus, possible model choices include Multi-Set Convolution Net-
works [31], MLP with flattened query encoding [19], or more recent
NN models [33, 45, 50]. Although non-NN methods such as XG-
Boost [14] offer greater interpretability and could be used for CDF
prediction NEUROCDF, we opt for NNs due to their ease of optimiza-
tion. XGBoost relies on direct mappings from data points to their
CDF values (x — F(x)) and optimizes based on gradients between
predictions and actual values. However, in selectivity learning, we
only have mappings from queries to their selectivities (g — S(gq)),
lacking the direct data-to-CDF mappings required by XGBoost. This
makes optimizing XGBoost challenging. NNs, on the other hand,
can be trained end-to-end effectively using only g — S(g) mappings
without needing direct x — F(x) mappings.

Efficiency. Below result shows that in NEUROCDF, we do not have
to estimate the CDF value for every possible vertex v. Only those
necessary vertices require estimates from M.

Theorem 5.2. The number of calls to the CDF prediction model M

for estimating a query selectivity is 2", where n. is the number of
attributes/columns involved in the query.

ProoF. The proof will be provided in a technical report. O

5.3 Theoretical Analysis

Next, we prove that NEUROCDF, as a framework, is induced by
a signed measure due to its CDF modeling paradigm. This con-
nects NEUROCDF to the two theoretical results in previous sections.
Surprisingly, this property applies to LEO as well.

Theorem 5.3. Suppose R consists of axis-aligned hyper-rectangles.
Given a function S : R — R, suppose there exists a function Fg e
X — R such that for any R € R, S(R) = Yyevy sgn(v)Fy(v) where
VR is the vertex set of R. Then S is induced by a signed measure.

Proor SKETCH. This can be shown by a simple modification of
the proof of Theorem 1.1.11 in [17]. o

CoRoLLARY 5.4. All predictions from NEUROCDF and LEO are
induced by signed measures.

Proor SKETcH. NEUROCDF and LEO satisfy Theorem 5.3 by
design, as they model CDFs (For LEO, Fy po (x) = Fjgt (%) “Gadjust (X)
where Fyjgi(x) is the CDF of the histogram and g,gjust(x) is the
adjustment factor at x) and use Eq 9 to estimate range queries. O

With Corollary 5.4 in place, let SNgyroCDF ad Speo denote

the hypothesis class of NEUROCDF and LEO when the inducing
signed measures are all absolute continuous. Then the learnability
results for NEUROCDF and LEO are given as follows.
Theorem 5.5. Let ¥ = (X, R) be a range space. If VC-dim (Z)
= A where A is some constant, then the fat-shattering dimension
of 8 is finite and satisfies: fat (S;y) = é((l/y)“l) forany S €
{SNeurocDF > SLEO}-

PrROOF SKETCH. One can show that the predictions of NEUROCDF
and LEO are bounded, and hence S C S (C) for some constant
C. Then the theorem follows by applying Theorem 4.1. O
Limitation of NEUROCDF. Currently, NEUROCDF is not compati-
ble with Qerror or MSLE because it can yield negative estimates
where Qerror does not apply. This issue arises as NNs might fail to



Table 3: Generalization performances of different models

Model In-Dis Generalization | OOD Generalization
RMSE Qerror RMSE Qerror
LW-NN * 5 *k RARKS PAGAS
MSCN * >k PAGAS PAGAS
NeUrROCDF (LW-NN) | %% *ve *ve *ve
NEUurROCDF (MSCN) X *ve *ve *ve

produce a valid CDF, which can lead to negative values in estimates
from (9). We attempted to address this issue by clipping negative
estimates to 1/|D| or enforcing monotonicity [35]. Unfortunately,
we observed significant performance degradation since 1) the clip-
ping is not differentiable preventing the model from learning from
queries with clipped estimates; 2) the enforcement of monotonicity
would reduce model capacity and introduce noises into training.

5.4 Preliminary Evaluation of NEUROCDF

We implement NEUROCDF with LW-NN [19] and MSCN [31]. We
intentionally exclude data information to concentrate on the mod-
eling paradigm. Despite that NEUROCDF is not compatible with
Qerror, we observe significant improvement in OOD generalization
on both models, which further inspires us to design a more general
improvement strategy in the next section.

We generate a collection of training queries on a synthetic dataset
sampled from a 10-dimensional highly correlated Gaussian distri-
bution. Moreover, we use two types (In-distribution and OOD) of
test queries to assess the model generalization capabilities.
NEUROCDF vs. Direct Selectivity Modeling? We summarize the
generalization performance of different models w.r.t two popular
measures (RMSE and Qerror) in Table 3. We define three qualitative
levels of generalization performance on test sets — (%%): RMSE
< 0.05 or median Qerror < 2; (%3¢): 0.05 < RMSE < 0.2 or 2 <
median Qerror < 10; (3 %): RMSE > 0.2 or median Qerror > 10.
From the table, we observe two important findings.

F1. All four models achieve very good in-distribution generaliza-
tion performance w.r.t the metric they are optimized for. Specifically,
both LW-NN and MSCN are optimized for Qerror, but after using
the NEUROCDF paradigm, they are optimized for RMSE.

F2. LW-NN and MSCN perform poorly on OOD queries both in
terms of Qerror and RMSE. Importantly, NEUROCDF improves their
OOD generalization performance even with Qerror. This matches
the theoretical result regarding OOD generalization error in § 4.2.

6 TRAINING WITH CDF SELF-CONSISTENCY

Motivated by the theoretical results and the limitation observed
in NEUROCDF, this section introduces a new training framework,
SECONCDF, for query-driven selectivity models.

6.1 High-level Idea

In the previous section, we noted that direct query selectivity mod-
eling is effective for in-distribution generalization with respect to
arbitrary measures or loss functions. However, the CDF modeling
paradigm used in NEUROCDF provides superior OOD generaliza-
tion because it enforces a hard constraint on a signed measure,
ensuring that all predictions from NEUROCDF are coherently in-
duced by a signed measure. However, it does not support arbitrary

Query
Workload

Original Pred Loss

CDF Pred Loss H Final Loss ]

Consistency Loss

Query
Generator

M and aggregate s~
e )

Vertices

Figure 3: Training a selectivity model M with SECoNCDF.

loss functions, such as Qerror. This raises a key question: can we
combine the advantages of direct query selectivity modeling and CDF
modeling to achieve both strong in-distribution generalization with
arbitrary loss functions and improved OOD generalization?

SECONCDF addresses this limitation by adopting direct query
selectivity modeling (which avoids the negative estimate issue) and
introducing a soft constraint on the signed measure, unlike the hard
constraint used in NEUROCDF. Specifically, SECONCDF operates on
selectivity learning model M that targets the query selectivity di-
rectly (instead of NEUROCDF that requires M to model the CDFs),
and applies a soft constraint through CDF self-consistency regular-
ization during training. Recall that as discussed in § 5.2, each CDF
corresponds to the selectivity estimate of a one-sided rectangle query,
thus we can extract the CDFs learned by the selectivity model M
from these queries. We then utilize appropriate loss functions to
maintain consistency between the learned CDFs and the learned
selectivity function. The intuition is that better alignment between
the learned selectivity functions and the extracted CDFs indicates
that M is more closely induced by a signed measure, thereby being
more likely to achieve bounded OOD generalization error.

This approach combines the benefits of both paradigms, provid-
ing robust OOD generalization and allowing flexibility in the choice
of loss functions. Although SECONCDF is inspired by both the theo-
retical and empirical analyses of NEUROCDF, it does not come with
a theoretical guarantee because it cannot be confirmed as being en-
tirely induced by signed measures. Despite this, SECONCDF shows
significant practical effectiveness in our experiments.

6.2 CDF Self-Consistency Regularization

Figure 3 illustrates the training workflow of M using SECONCDF.
SECONCDF processes a query workload W = {(g,l)} (same as
NEUROCDF), and utilizes a query generator G. They collectively
contribute to the final loss optimized by M. The operation of
SECONCDF within each query batch is described step-by-step.
(@D Loss Computation with Query Workload ‘W. SECoNCDF
initiates with two preprocessing steps analogous to NEUROCDF:
normalization and CDF conversion (which extracts the set {v} of
vectors for each query g at its vertices). With all information needed,
SECONCDF then computes two types of losses: Original Predic-
tion Loss Loyipreq and CDF Prediction Loss Lcpppred-

Loripred is calculated as the discrepancy between M’s direct
selectivity prediction for a query ¢, denoted 2,], and the true label

iq. Typically, the loss function involves Qerror or MSLE, consistent
with current methods in query-driven selectivity learning.
Lcprpred aligns with the procedures of NEUROCDF. For each
query g, SECONCDF transforms its vertex set {v} into correspond-
ing one-sided queries and extracts the CDFs as predicted by M.



Using the formula (9), the selectivity estimate (denoted i;) from
the learned CDFs is calculated, and Lcpppreq is then defined as the
RMSE between 2; and the actual label l;. This loss forces the model
M to learn the underlying CDFs from the training workload, aside
from the direct mapping from queries to selectivities.

@ Loss Computation with Query Generator G. The query gen-
erator samples queries from a distribution, using random sampling
for this paper, although other sampling methods are compatible
within SECONCDF. Each sampled query g undergoes the same nor-
malization and CDF conversion steps as in (D to produce a set of
vertex vectors for g. These vectors are used to compute the selec-
tivity estimate Z; from the learned CDFs. We then introduce a third
type of loss, Consistency Loss Lconsistent, defined as the RMSE
between i; and M’s direct selectivity estimate of g, Zq. This loss en-
forces consistency between M’s direct selectivity predictions and its
learned CDFs across diverse queries. This step can be implemented
synchronously with D to enhance training efficiency.

(3@ Model Training. The final loss is defined as

L = Loripred + @®1LcDFpPred + @2 LConsistents (10)

where w1, wy are hyper-parameters controlling the balance among
the three losses. We empirically tune them from four candidate
values {0.1, 1,10, 100}. M is optimized to minimize £ using SGD.
@ Prediction. Once trained, M can directly predict the selectivities
for incoming queries without needing CDF conversion.

Remark. SECONCDF does not change the model architecture or
inference procedure of existing selectivity models M that directly
target selectivities. The two losses Lcprpred and Lconsistent Se€rve
as the key to incorporating CDF self-consistency regularization
into M. Furthermore, computing these losses does not require new
actual query executions to obtain selectivities.

7 EXPERIMENTS OF SECoNCDF

In this section, we implement SECONCDF and integrate it into
two recent NN-based query-driven proposals — LW-NN [19] and
MSCN [31]. Both models utilize an MLP; however, they adopt dis-
tinct methodologies for query encoding. LW-NN employs a flat-
tened query encoding mechanism, while MSCN stands for multi-set
convolutional network. We aim to answer two research questions as
follows. 1) While existing query-driven models perform well for in-
distribution generalization, are they robust to OOD generalization?
2) Can SECoNCDF improve their OOD generalization performance
while maintaining their in-distribution performance, in terms of
both prediction accuracy and query latency performance? Note that
while we implement SECONCDF with two query-driven models, it
is general and applicable to any loss-based deep learning models.

7.1 Experimental Setup

Datasets. We conducted experiments using one single-table dataset,
Census, and three multi-table datasets: IMDb-small, DSB [16] and
CEB [41]. Census comprises the basic population characteristics
in US, with approximately 49K tuples across 13 attributes. We use
Census for prediction accuracy experiments since a few relevant
approaches only support single-table queries. The IMDb [32] dataset
is derived from the Internet Movie Database. Previous studies [32]
show that IMDD is highly correlated and skewed. IMDb-small and

CEB use 6 and 15 tables of the original IMDDb, respectively. DSB is as
an extension of the TPC-DS benchmark [44], characterized by more
complex data distributions and demanding query templates. We
populated a DSB database with a scale factor 50 using the default
physical design configuration, and use 5 tables in our experiments.

Workloads. Since the primary goal of this section is to assess both
the in-distribution (In-Dist) and OOD generalization capabilities of
query-driven models, we focus on the first two OOD scenarios as
outlined in § 4.2.2. Specifically, We train models on specific query
distributions and assess their performance on unseen queries both
within the same distribution (In-Dist generalization) and from differ-
ent distributions (OOD generalization). To generate such workloads,
for each dataset, we initially create a set of candidate queries. For
IMDb-small, we directly leverage the training queries from [29]
with up to 5 joins and diversified join graphs. For DSB and Census,
we create candidate queries by randomly sampling join graphs and
filter conditions. However, IMDb-small and DSB are limited to 5-
and 4-way star join queries, respectively. To explore the scalability
of SECONCDF, we extend our analysis to more complex join queries
using template la of CEB, which includes 9-way joins with star,
chain, and self-joins. Due to the limited range variation in predicate
values, such as the 14 different ranges for t.production_year,
which does not satisfy Assumption 4.3, we have generated new
candidate queries from existing CEB-1a queries while enriching the
diversity of the t.production_year ranges. We denote the new
9-way join workload CEB-1a-varied. After this, we obtained 50K,
60K, 70K and 43K 2 candidate queries for Census, DSB, IMDb-small
and CEB-1a-varied, respectively. From the candidate queries, we
simulate training and test workloads for both two OOD scenarios.

To simulate OOD scenarios, we designate a shifting attribute q,
for each dataset: age for the Census dataset, t.production_year
for IMDb-small and CEB-1a-varied, and ss.ss_list_price for
DSB. In both OOD scenarios, models are trained on queries with the
attribute a normalized within specific bounds (c, for query centers
and I, for range lengths). For in-distribution generalization, models
are evaluated on queries matching training conditions. For OOD
generalization, they are tested on queries where ¢, (for center move)
or I, (for granularity shift) falls outside these bounds. Training and
test queries are kept strictly non-overlapping.

Compared Approaches. We implemented LW-NN [19] ourselves.
For MSCN, we used the code from [1]. We evaluate MSCN and LW-
NN trained with SECONCDF, referred to as MSCN+CDF and LW-
NN+CDF. We include two query-driven approaches, PTsHist and
QUADHIST (code from [2]), which are based on SOTA theory [25],
to demonstrate the limitations of PAC learning. We also include
QUICKSEL [43] in our comparison. The three query-driven models
are induced from probability measures where our OOD generaliza-
tion result (Thm 4.2) is applicable. For data-driven approaches, we
use PostgreSQL (multi-dimensional histograms) and uniform sam-
pling (Sampling) as baselines. PTsHisT, QUADHIST, QUICKSEL, and
the LW-NN we implemented do not support joins, so we evaluate
them on Census. For a fair comparison, we exclude bitmaps from
LW-NN or MSCN, since other query-driven models only utilize
query information. We turn on the bitmaps in multi-table experi-
ments. We also compare against Robust-MSCN [42] (join bitmaps

2We include all subqueries of CEB-1a-varied queries in the accuracy experiment



Table 4: Prediction accuracy on IMDb-small (Left) and DSB (Right) w.r.t. in-distribution queries/out-of-distribution queries.

Query Center Move Query Granularity Shift Query Center Move Query Granularity Shift
Model Qerror Qerror Model Qerror Qerror
RMSE Median 90% RMSE Median 90% RMSE Median | 90% RMSE Median 90%
PostgreSQL | 0.042/0.086 | 6.3/4.2 | 669/549 | 0.045/0.124 | 6.1/3.7 | 921/297 PostgreSQL | 0.033/0.068 | 1.6/1.9 | 6.6/14 | 0.050/0.098 | 1.6/2.8 | 5.2/15
Sampling | 0.175/0.196 | 31/35 | 10%/10° [ 0.180/0.197 | 29/21 [ 103/10% Sampling | 0.121/0.186 | 3.7/9.2 | 38/82 | 0.143/0.194 | 4.7/12 | 75/64
MSCN 0.020/0.700 | 1.6/10° | 6.5/10° | 0.021/0.763 | 1.5/10° | 8.6/10° MSCN 0.057/0.283 | 1.4/5.0 | 3.6/78 | 0.027/0.345 | 1.2/10° | 1.8/10°
MSCN + CDF | 0.022/0.035 | 1.9/2.0 | 7.3/10 | 0.024/0.047 | 1.8/17 | 11/7.0  MSCN + CDF | 0.061/0.158 [ 1.6/2.1 | 1.6/2.1 | 53/17 1.3/2.5 | 1.8/73
and query masking), and its variant, Robust-MSCN*, which ex- “I' W = w3 1[ 0 o M
cludes query masking. Our experiments show that removing query o 20 ﬂ m
masking improves the performance of Robust-MSCN in the two ool AL = ftg)ﬂ:l ﬂ:\' D\‘ = - f‘_'oyl;' e
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OOD scenarios (which is likely because we do not include Post- T T e e e © e *
(a) RMSE (b) Median Qerror

greSQL estimates in the query encoding). We report their results
on CEB-1a-varied (which contains the most complex joins).

The goal of the experiments is not to beat the SOTA query-driven
models but to validate the practicality of our theory. Specifically, we
aim to show that SECONCDF, which is designed based on our theory,
reliably improves upon existing NN-based query-driven models,
and consistently outperforms the models derived from SOTA theory.

Evaluation Metrics. For accuracy, we use both RMSE and Qerror
as the metrics. While our theory assumes absolute error as the loss
function, we also evaluate Qerror (which is more critical in query
optimization [40]) to demonstrate the effectiveness of SECONCDF.
For query latency performance, we report the query running time.

Hardware. We train all NN models on an Amazon SageMaker
ml.g4dn.xlarge node, and conduct latency experiments on an EC2
r5d.2xlarge node (8 core CPUs, 3.1GHz, 64G memory) for IMDb-
small and CEB, and on an EC2 c5.9xlarge node (36 core CPUs,
3.1GHz, 72G memory) for DSB.

7.2 Accuracy

Figure 4 and Table 4 present the prediction accuracy on single-
table and multi-table datasets, respectively. First, deep query-driven
models (MSCN and LW-NN) demonstrate superior performance for
In-Dist generalization across all datasets and consistently outper-
form all compared data-driven approaches on multi-table datasets.
They perform comparably to PostgreSQL on single-table queries,
where PostgreSQL is already effective. For PTsHisT and QUaDHIST,
despite that they outperform QuickskiL and theoretically benefit
from the SOTA theory, they may fail to match the empirical perfor-
mance of the two deep query-driven models due to their limited
model capacity, especially for Qerror (Figure 4b) since they are
optimized specifically for RMSE. These findings confirm the In-Dist
generalization capability of deep learning-based query-driven models.

However, deep learning-based models show limited robustness to
OOD queries, especially in multi-table datasets with intricate joins
and skewed distributions. For example, MSCN achieves strong In-
Dist accuracy on the three multi-table datasets, but struggles with
OOD generalization on IMDb-small, where it significantly under-
performs compared to PostgreSQL and Sampling. On DSB, MSCN
shows less vulnerability to query center shifts. This is likely due to
the less skewed data distributions of DSB, allowing easier adapta-
tion of selectivity functions across different data regions. PTsHIsT,
QuaDpHIsT, and QUICKSEL do not show such drastic drops in OOD
performance because they are induced by probability measures.
This supports our OOD generalization theory, as signed measures

Figure 4: Accuracy on Census with granularity shifts.

Query Center Move Query Granularity Shift
Model Qerror Qerror
RMSE Median 90% RMSE Median 90%

PostgreSQL | 0.054/0.062 | 22/6.8 | 103/213 | 0.088/0.038 | 23/8.3 | 103/269
Sampling 0.144/0.089 | 10%/107 | 10%/10° | 0.191/0.051 | 10%/10% | 10°/10°
MSCN 0.012/0.045 | 1.1/1.9 | 1.5/42 | 0.014/0.117 | 1.1/5.8 | 1.3/53
Robust-MSCN | 0.019/0.050 | 1.2/27 | 1.7/25 | 0.022/0.152 | 1.2/7.1 | 1.6/81
Robust-MSCN* | 0.011/0.045 | 1.1/21 | 1.3/15 | 0.015/0.082 | 1.1/37 | 1.4/31
MSCN + CDF | 0.010/0.019 | 1.1/16 | 14/87 | 0.012/0.012 | 1.1/15 | 1.3/54

Table 5: Accuracy on CEB-1a-varied (In-Dist/OOD).

are a superset of probability measures and thus fall within the scope
of our theory.

The integration of SECONCDF significantly enhances the OOD
generalization of query-driven models like MSCN, without com-
promising their In-Dist generalization. For instance, under query
center moves, SECONCDF training reduces MSCN’s median and
90-percentile Qerrors by 2-3 orders of magnitude.

More Joins. Table 5 shows the accuracy over CEB-1a-varied (fea-
turing 9-way joins). We observe similar trends in the previous two
multi-table datasets: SECONCDF significantly enhances MSCN’s
OOD performance despite the increased complexity.

Comparison with Robust-MSCN. Table 5 reveals that while
Robust-MSCN* marginally improves upon MSCN, they are sur-
passed by SECONCDF. This is because Robust-MSCN is tailored
for different OOD scenarios like new join templates and missing
tables/columns, which are not the primary focus of this paper.

Point Queries. Figure 6 presents the OOD performance of MSCN
and MSCN+CDF on IMDb-small for point queries. The results in-
dicate that, by treating point queries as range queries, SECONCDF
still enhances the OOD robustness of MSCN in these cases.

7.3 Query Latency Performance

In this subsection, we showcase the improved generalization capa-
bilities from SECONCDF can result in a better end-to-end perfor-
mance. All end-to-end experiments are conducted with a modified
PostgreSQL 13.1 that can accept injected cardinalities estimates [20].
We exclude Sampling in the experiments since it is much worse than
others. We compare MSCN+CDF to the original MSCN, PostgreSQL
(an important baseline upon which learned cardinality estimation



Figure 5: Per-query latency performance on CEB-1a-varied under granularity shift. Left: In-Dist queries; Right: OOD queries.
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Figure 6: Accuracy of OOD point queries on IMDb-small.
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Figure 7: OOD query latency performance on IMDb-small
(top two subfigures) and DSB (bottom two subfigures).

should improve), and True cardinalities. For each OOD scenario,
we randomly sample 30 queries each from In-Dist and OOD test
queries to conduct the latency experiments. The results for OOD
queries are shown in Figure 7. Due to space constraints, we exclude
In-Dist performance results, but we note that both the MSCN and
MSCN+CDF demonstrate notably efficient running times for In-
Dist queries, significantly surpassing PostgreSQL on IMDb-small
and matching its performance on DSB. Indeed, they are close to
True cardinalities on both datasets.

The OOD results yield two key insights. First, the inaccurate
cardinality estimates by MSCN for OOD queries lead to consider-
ably poorer query latency performance compared to In-Dist queries.
Notably, MSCN’s latency performance is significantly worse than
PostgreSQL for both IMDb-small OOD queries. Second, the inte-
gration of SECONCDF significantly enhances MSCN+CDF’s OOD
latency performance, bringing it on par with PostgreSQL. This
demonstrates that the improved accuracy from SECoNCDF for OOD
generalization can translate into enhanced runtime performance.

More Joins. To assess scalability, we conducted latency experi-
ments on CEB-la-varied, using the same approach to construct
workloads of 20 In-Dist and OOD test queries (with 9-way joins)
each (we observed consistent results across various sampled work-
loads). Figure 5 presents per-query latency with workload times
indicated in the legend. All MSCN models significantly outperform

A PostgreSQL (workload time: 396s)
XTI MSCN (workload time: 248s)
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PostgreSQL, as traditional methods struggle with larger numbers of
joins. Moreover, MSCN+CDF outperforms MSCN in OOD scenarios.
Notably, SECONCDF reduces MSCN’s running time significantly
(by at least a factor of two) in 4 of the 20 OOD queries, with no sub-
stantial regressions. These results confirm that SECONCDF scales
effectively to more joins. Additionally, consistent with the observa-
tions in § 7.2, SECONCDF outperforms Robust-MSCN in enhancing
MSCN’s query latency for the OOD scenarios discussed in the paper.

7.4 Efficiency

Training. SECONCDF uses pre-loading and asynchronous query
sampling (parallelizing two loss computations) to minimize idle
time during training. Training times per epoch are 50s for IMDb-
small, 26s for DSB, and 63s for CEB. MSCN+CDF converges within
80 epochs for all datasets. While the training overheads are higher
than MSCN, they are not costly. Additionally, since the training is
performed offline, it does not impact real query performance.
Inference. Inference time is crucial for real query performance
(including planning and execution). Since SECONCDF does not change
the model architecture or inference procedure, the inference process
remains efficient. On a CPU, the average processing time for each
query (including subqueries) is 1ms for IMDb-small and DSB, and
14ms for CEB-1a-varied, negligible compared to execution times.

8 CONCLUSIONS AND OPEN PROBLEMS

In this paper, we proved the theory: selectivity predictors induced
by a signed measure are learnable, and under mild assumptions, they
exhibit bounded OOD generalization error. Based on the the-
ory, we propose a new selectivity estimation paradigm NEUROCDF,
and a principled training framework SECONCDF to enhance OOD
generalization capabilities for any NN-based existing query-driven
selectivity models. We empirically demonstrate that SECONCDF
improves query-driven models’ OOD generalization performance
in terms of accuracy and query latency performance.

This work opens up many promising research directions. First,
extending our theory beyond signed measures could provide new
insights. Second, substituting the error function in our theory with
Qerror presents an intriguing challenge. Furthermore, developing a
unified generalization theory for all join graphs is also interesting.
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